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Ž .A quadratic Jordan pair is constructed from a -graded Hopf algebra having
divided power sequences over all primitive elements and with three terms in the
-grading of the primitive elements. The notion of a divided power representation
of a Jordan pair is introduced and the universal object is shown to be a suitable
Hopf algebra. This serves a replacement for the TitsKantorKoecher construc -
tion.  2000 Academic Press
1. INTRODUCTION
A major tool in transferring results between Jordan theory and Lie
Ž .theory is the TitsKantorKoecher TKK construction of a Lie algebra.
This construction was first formulated for linear Jordan algebras and was
modified as Jordan theory expanded to quadratic Jordan algebras, Jordan
Ž .triple systems, and quadratic Jordan pairs. The reverse construction
starts with a three-term -graded Lie algebra and recovers a Jordan
structure. However, since the Lie algebra involves only linear operations, it
is impossible to recover the quadratic operations unless the base ring
1contains . The main purpose of this paper is to give constructions which2
substitute for the TKK construction and its reverse construction and which
work for the quadratic operations for all base rings. The role of the Lie
algebra is replaced by a certain kind of Hopf algebra. The primitive
elements form a three-term -graded Lie algebra, but the Hopf algebra
also contains divided power sequences which capture the quadratic proper-
ties of the Jordan pair.
In Sections 2 and 3, we review the basic properties of Hopf algebras and
Jordan pairs, including the TKK construction. In Section 4, we show that,
starting with a -graded Hopf algebra with divided power sequences over
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all primitive elements and with a three-term -grading of the primitive
Ž .elements, we can construct a quadratic Jordan pair. In Section 5, we
introduce the notion of a divided power representation of a Jordan pair.
This gives a new way of imbedding a Jordan pair within an associative
algebra which generalizes the usual imbedding of a special Jordan pair, but
which works for any Jordan pair via the TKK construction. The universal
object for divided power representations is a -graded cocommutative
Hopf algebra with the required divided power sequences. However, it takes
considerably more work to show that the -grading of the primitive
elements has only three terms.
In Section 6, we show that any divided power representation has the
‘‘exponential property,’’ which states that a certain product of exponentials
is ‘‘diagonal.’’ The rather involved induction proof also requires a
PoincareBirkhoffWitt type of result for the universal divided power´
representation. As a corollary, one gets that the -grading of the primitive
elements has only three terms. In Section 7, we show, in characteristic
zero, that the universal divided power representation of a Jordan pair
whose grading derivation is inner coincides with the universal enveloping
algebra of the universal cover of a Lie algebra given by a TKK construc-
tion. Finally, in the Appendix, we give an independent treatment of
homogeneous maps and their linearizations, which we use throughout the
paper.
2. BASICS ON HOPF ALGEBRAS
We recall first some basic concepts and results about Hopf algebras. For
 details not given here, see Abe 1 . Associated with an algebra A with unit
1 over a unital, commutative associative ring  are the linear maps
Ž . Ž .: A A A and : k A given by  a b  ab and    1.
Ž .Similarly, a coalgebra A has linear maps : A A A coproduct and
Ž . : A counit satisfying
Id   Id  Id  ,Ž . Ž .
where we have identified A and  A with A. Unless otherwise
stated, we will assume that an algebra is associative and that a coalgebra is
coassociatie; i.e.
Id    Id  .Ž . Ž .
Also, a coalgebra is cocommutatie if
   ,
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Ž . Ž .where  a b  b a. If A is both an associative algebra and a
Ž .coassociative coalgebra, and both  and  are -algebra homomor-
phisms, then we say that A is a bialgebra. If A is a bialgebra, then a A
is a group-like element if
 a  1 and  a  a aŽ . Ž .
and a A is a primitie element if
 a  a 1 1 a.Ž .
Ž .Ž Ž .. Ž .Note if a is primitive, then a  Id  a   a 1 a implies
Ž .Ž . Ž . a  0. The set P A of all primitive elements forms a Lie algebra
  Ž .under ab  ab	 ba. A finite or infinite sequence 1 a , a , a , a , . . .0 1 2 3
Ž .of elements from a bialgebra A is a diided power sequence d.p.s. if
 a  a  a .Ž . Ýn i j
ijn
Ž .It is clear that an infinite sequence a , a , a , a , . . . is a d.p.s. if and only0 1 2 3
Ž .if each finite sequence a , a , a , a , . . . , a is a d.p.s. Note also that a is0 1 2 3 n
Ž .primitive if and only if 1, a is a d.p.s. If a is primitive, we say that a d.p.s.
Ž .1, a, a , a , . . . is a d.p.s. oer a. We shall assume from now on that a2 3
d.p.s. is infinite unless otherwise stated.
An antipode S: A A on a bialgebra A is a linear map satisfying
 S Id   Id S   .Ž . Ž .
We say a bialgebra with an antipode is a Hopf algebra. If a is primitive,
Ž .Ž . Ž . Ž .we see that 0  a  S a  a, so S a 	a.
LEMMA 1. If A is a Hopf algebra, then
Ž . Ž . Ž . Ž .i S ab  S b S a for a, b A,
Ž .ii S  , S ,
Ž . Ž .iii S   S S ,
Ž . Ž .iv the set G A of all group-like elements of A is a subgroup of the
group of units of A.
 Proof. The first three statements are proven in 1, Theorem 2.1.4 . For
Ž . Ž . Ž . Ž . Ž .iv , we note a, bG A implies that  ab   a  b  ab ab and
Ž . Ž . Ž . Ž . Ž . Ž . ab   a  b  1, so abG A . Also, by iii , we see that S a 
Ž . Ž . Ž .G A , and by the defining condition for an antipode that S a a aS a 
Ž Ž .. Ž .  a  1, so S a is the inverse of a.
JORDAN PAIRS AND HOPF ALGEBRAS 155
Ž .LEMMA 2. If A is a Hopf algebra and if A a , a , a , . . . and0 1 2
Ž .B  b , b , b , . . . are diided power sequences, then so is C 0 1 2
Ž .c , c , c , . . . , where0 1 2
c  a b .Ýn i j
ijn
Ž . Ž .Also, A a , a , a , . . . is a d. p.s. if and only if D d , d , d , . . . is a0 1 2 0 1 2
d. p.s. where
a if n krrd n ½ 0 if n kr .
Proof. We have
 c   a  bŽ . Ž . Ž .Ýn i j
ijn
 a b  a bÝ p g q h
pqghn
 c  c .Ý k l
kln
Also,
d  d  a  aÝ Ýp q i j
pqn kikjn

 a  a if n krÝ i j ijr
0 if n kr .
3. BASICS ON JORDAN PAIRS
 For more details about Jordan pairs see Loos 5 . Let  be a unital,
Ž  	.commutative associative ring and let V V , V be a pair of -mod-
ules. Assume that there are compositions
x , y Q y Q x y  V 	Ž . Ž . Ž . Ž .x
Ž . 	 		for x, y  V  V , 	, which are quadratic in x and linear in y.
We set
Q x , z Q Q 	Q 	QŽ . x , z xz x z
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 4 Ž .  	 		 	 4 	and get the trilinear product xyz Q y with V V V  V .x, z
We also set
 4D x , y z D z  xyz .Ž . Ž . Ž .x , y
For an extension ring 
 of , we can form
V  V  , V 	  
 V , 
 V 	Ž .  
 
 
 ž /
 
Ž . Ž . 	 		 Žand extend the compositions x, y Q y to V  V see thex 
 

. Ž  	.Appendix . We say that V V , V is a Jordan pair if
D Q Q D JP1Ž .x , y x x y , x
D Q y , y D x , Q x JP2Ž . Ž . Ž .Ž . Ž .x y
Q Q y Q Q Q JP3Ž . Ž .Ž .x x y x
hold in V for all extensions 
 of . Equivalently, V is a Jordan pair if

Ž . Ž .JP1  JP3 and all linearizations hold in V . It is clear that if V is a
Jordan pair then so is V . Moreover, using Theorem 35, we can extend

Ž . Ž . 	   		  the compositions x, y Q y to V s  V s . Using densityx
Ž . Ž .arguments as in the proof of Theorem 35, we can show that JP1  JP3
   and their linearizations hold for V s ; i.e., V s is a Jordan pair.
Ž . 	 	A pair of linear maps D D , D with D : V  V is a deria- 	 	
tion of V provided
D Q Q D Q D x , x . 1Ž . Ž .Ž .	 x x 		 	
Ž .It is easy to check that the set Der V of all derivations forms a Lie
algebra. Moreover,
  D ,	D Der VŽ .Ž .x , y x , y y , x
Ž .and the subspace Inder V of inner deriations spanned by all  is anx, y
Ž .ideal in Der V .
If x V 	, y V 		, we set
B  Id	D Q Q .x , y x , y x y
Ž .We say that x, y is quasi-inertible if B is invertible and callx, y
x y  B	1 x	Q yŽ .x , y x
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Ž . Ž .  	the quasi-inerse of x, y . If x, y  V  V is quasi-invertible, then
Ž .so is y, x and
  B , B	1Ž .x , y x , y y , x
is an automorphism of V .
Ž . Ž .If D is any Lie subalgebra of Der V containing Inder V , the
TitsKantorKoecher Lie algebra is
TKK V , D  V D V 	 2Ž . Ž .
with multiplication
 	 	     V , V  0, D , z D z , x , y 	Ž .	 x , y
Ž .  	 	for D D , D D, x V , y V , and z V . We shall gener- 	
Ž .ally use DD  Inder V where0
 Id ,	Id 	 .Ž .V V
Ž . Ž .Using the decomposition 2 of TKK V , D , we can define the auto-0
morphisms
1 0 01 ad x Qx
ad y 1 0exp x  , exp y Ž . Ž .0 1 ad x 		 0 	 0Q ad y 1y0 0 1
Ž . Ž . Ž .of TKK V , D . Also, for h h , h Aut V , we have the automor-0  	
phism
h 0 0
˜ 0 h 0h 0	 00 0 h	
Ž .of TKK V , D , where h is conjugation by h acting on D . From Loos0 0 0
 6 , we have
 	 Ž .THEOREM 3. Let V be a Jordan pair. If x V , y V , then x, y is
 	 Ž .quasi-inertible if and only if there are z V , w V , and hAut V
with
˜exp x exp y  exp w h exp z .Ž . Ž . Ž . Ž . 	 	 
In this case,
z x y , w y x , and h  .x , y
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4. FROM HOPF ALGEBRAS TO JORDAN PAIRS
We now assume that A is a -graded Hopf algebra over . This means
that
A A with A A  A n i j ij
n
and that ,  , and S are graded homomorphisms using the gradings
A A  A  A ,Ž . Ýn i j
ijn
  ,0
A o p  A .Ž . n n
Ž .We note that if xP A and xÝ x with x  A , theni i i i
 x  x  1 1 x .Ž . Ž .Ý Ýi i i
i i
Ž . Ž .Comparing terms in A A shows that x P A . Thus,n n
P A  P where P P A  AŽ . Ž . n n n
n
Ž .and P A is a -graded Lie algebra.
Ž .We say that a d.p.s. a , a , a , a , . . . is homogeneous if for some k0 1 2 3
each a  A .n k n
LEMMA 4. Let A be a -graded Hopf algebra.
Ž . Ž .i If there is a d. p.s. oer eery xP A , then there is a homoge-
neous d. p.s. oer eery xP .k
Ž . Ž .ii If P A P P P and there is a homogeneous d. p.s.	1 0 1
oer xP , then it is unique.1
Ž .Proof. Suppose that x , x , x , x , . . . is a d.p.s. over xP , and that0 1 2 3 k
x  A , for all nm. Write x Ý a with a  A . Comparing then k n m p p p
km-components of
 x  x  x ,Ž . Ým i j
ijm
we get
 a  a  1 x  x  1 a .Ž . Ýk m k m i j k m
ijm
i , j0
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Ž . Ž .Letting z a 	 x , we see that  z  z 1 1 z; i.e., zP A .k m m
Ž .Let z , z , z , z , . . . be a d.p.s. over z. By Lemma 2, we have that0 1 2 3
Ž .w , w , w , w , . . . is a d.p.s. where w Ý x z . Now w  x for0 1 2 3 n im jn i j n n
Ž .nm and w  x  z  a . Induction on m shows i . Suppose thatm m 1 k m
Ž . Ž     .x , x , x , x , . . . and x , x , x , x , . . . are homogeneous d.p.s. over0 1 2 3 0 1 2 3
xP , and that x  x for all nm. We see that x 	 x P  0,1 n n m m m
Ž .provided m 1. Induction on m shows ii .
THEOREM 5. If A is a -graded Hopf algebra, such that
Ž . Ž .i P A P P P ,	1 0 1
Ž . Ž Ž0. Ž1. Ž2.ii there is a homogeneous diided power sequence x , x , x ,
Ž3. .x , . . . oer xP , 	1,	
Ž . Ž . Ž2. Ž2.then P , P is a Jordan pair with Q y  x y	 xyx yx .1 	1 x
Proof. Suppose that x, z  P , 	  1, and   . Since	
Ž n Žn. .. . . ,  x , . . . is the unique homogeneous d.p.s. over  x, we see that
Ž .n n Žn. x   x .Ž .
Similarly, we get
Ž .n Ž i. Ž j.x z  x z ,Ž . Ý
ijn
using Lemma 2, and
nŽn. Žn.S x  	1 x ,Ž . Ž .
Ž .using the fact that S x 	x. Define
Am Id S  ,Ž .
op Ž .where m: A A  End A is the homomorphism given by
m a b  l r ,Ž . a b
where
l b  ab r a .Ž . Ž .a b
Ž .We see that A: a A is an algebra homomorphism A End A . Wea
shall show if xP , then1
 A Žn. A Ž i. A Ž j.  . 3Ž .Ýx x xž /
ijn
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We compute
 A Žn. c   x Ž i.cS x Ž j.Ž . Ž .Ž . Ýx ž /
ijn
  x Ž i.  c  S x Ž j.Ž . Ž . Ž .Ž .Ý
ijn
 T  c ,Ž .Ž .
where
T a b   x Ž i. a b  S x Ž j.Ž . Ž . Ž . Ž .Ž .Ý
ijn
 x Ž p. x Žq. a b S x Ž r .  S x Ž s.Ž . Ž . Ž . Ž .Ž .Ý
pqrsn
 x Ž p.aS x Ž r .  x Žq.bS x Ž s.Ž . Ž .Ý
pqrsn
 A Ž l . A Žk . a bŽ . Ž .Ý x x
lkn
Ž .showing 3 . We next show for xP that1
A Žn. P P. 4Ž . Ž .x
Indeed, since
Ž .nŽ i. Ž j.
Žn.A 1  x S x  x S xŽ . Ž . Ž .Ž .Ýx
ijn
1 if n 0Žn. 0  5Ž .½ 0 if n 0,
Ž .we have, by 3 for aP,
 A Žn. a  A Ž i. A Ž j. a 1 1 aŽ . Ž .Ž . Ýx x xž /
ijn
 A Žn. a  1 1 A Žn. a .Ž . Ž .x x
Now let xP , yP where 	1. We shall verify that	 		
0 if k 2 l
Ž l .
Žk .A y  6Ž .Ž .Ž . lx ½ Ž2.A y if k 2 l.Ž .Ž .x
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Ž .We prove the case k 2 l by induction on l. If l 0, this follows from 5 .
Ž .In general, by 3 ,
 A Žk . y Ž l .  A Ž i. y Ž p.  A Ž j. y Žq. . 7Ž .Ž . Ž . Ž .Ž . Ýx x x
ijk
pql
Since k 2 l, then either i 2 p or j 2 q. By the induction hypothesis,
Ž Ž p.. Ž Žq..Ž i. Ž j.in the first case A y  0 for p l, and in the second case A yx x
 0 for q l. Moreover, if p l, then q 0 and j 2 q unless j 0.
Ž .Similarly, if q l, then i 2 p unless i 0. Thus for k 2 l, 7 reduces
to
 A Žk . y Ž l .  A Žk . y Ž l .  1 1 A Žk . y Ž l . ,Ž . Ž . Ž .Ž .x x x
Ž Ž l .. Ž .Žk .so A y P  0, since k	 l l 1. We now consider 7 inx 	 Žk	l .
the case k 2 l. Since the terms with either i 2 p or j 2 q are 0 by the
first case, we are left with the terms with i 2 p and j 2 q; i.e.,
 A Ž2 l . y Ž l .  A Ž2 p. y Ž p.  A Ž2 q . y Žq. .Ž . Ž . Ž .Ž . Ýx x x
pql
Ž Ž Ž l . .Ž2 l .We see that . . . , A y , . . . is the unique homogeneous d.p.s. overx
Ž . Ž Ž l .. Ž Ž ..Ž l .Ž2. Ž2 l . Ž2.A y , so A y  A y .x x x
Ž . Ž . Ž .Ž2.We now endow the pair P , P with the composition Q y  A y	1 1 x x
for xP , yP . Note that	 		
Q y  x Ž2. y	 xyx yx Ž2. ,Ž .x
Ž Žk .. Ž .k Žk .since S x  	1 x . Clearly, this is linear in y and quadratic in x.
We have
Ž .2 Ž2. Ž2.x z  x  xz z ,Ž .
 for x, zP , so in particular, xz zx; i.e., xz  0. Since A is a homo-	
morphism, we see that
Q y  A y  A A y .Ž . Ž . Ž .x , z x z x z
Ž . Ž .Since A y  zy	 yz	A z , we getz y
   D z Q y 	A A z 	 x yz 	 xy z .Ž . Ž . Ž .x , y x , z x y
Applying A to
0 A Ž3. y  x Ž3. y	 x Ž2. yx xyx Ž2.	 yx Ž3.Ž .x
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yields
A Ž3. A 	 A Ž2. A A  A A A Ž2.	 A A Ž3. 0,x y x y x x y x y x
Ž . Ž .Ž3.while applying this to wP , and using A w  0 A w gives		 y x
Q D 	D Q  0x y , x x , y x
Ž . Ž .Ž2. Ž2. Ž2.which is JP1 . Since yy y y 	 2 y  2 y , we can compute
Ž2. Ž2.Q y , y  x y	 xyx yx , yŽ .x
 2 x Ž2. y Ž2.	 xyxy yxyx	 2 y Ž2. x Ž2.
	 Q x , x  x , Q x .Ž . Ž .y y
Ž . Ž Ž .. Ž . Ž .Thus, D Q y, y D x, Q x , which is JP2 . From 6 , we havex y
Ž .2 Ž2.
Ž4.Q y  A yŽ .Ž . Ž .x x
 x Ž4. y Ž2.	 x Ž3. y Ž2. x x Ž2. y Ž2. x Ž2.	 xyŽ2. x Ž3. y Ž2. x Ž4. .
Ž .Applying A, we get Q Q Q Q , which is JP3 .Q Ž y . x y xx
Ž . Ž . Ž .It remains to show that JP1  JP3 hold in any extension P , P .1 	1 

Ž . Ž .This is the same as saying that all linearizations of JP1  JP3 are valid in
Ž .P , P . Thus, it would suffice to consider just the scalar extension1 	1
 
  ,  , . . . for indeterminants  . However, it will be convenient to1 2 i
allow any extension 
 which is a free -module. Identifying A A
 



Ž .with 
 A A A A , we can extend the -graded Hopf   

  
Ž . Ž . Ž .algebra structure to A . We can write P A  ker 	  where  a 

Ž . Ž Ž ..a 1 1 a, so P A  ker Id 	  . It is easy to see that if

T : VW is a linear map of -modules and 
 is an extension of 
which is a free -module, then for Id T : V W , we have
 

ker Id T 
 ker T  ker T .Ž . Ž . Ž . 

Thus,
P A P A  P  P  PŽ . Ž . Ž . Ž . Ž .

 	1 0 1
 
 

 P A  P A  P A .Ž . Ž . Ž .Ž . Ž . Ž .
 
 
	1 0 1
Moreover, in any -graded Hopf algebra B, if
x Ž0. , x Ž1. , x Ž2. , x Ž3. , . . . and z Ž0. , z Ž1. , z Ž2. , z Ž3. , . . .Ž . Ž .
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are homogeneous d.p.s. with x Žn., z Žn.B , then the same holds fork n
Ž n Žn. . Ž Ž i. Ž j. . Ž .. . . , x , . . . and . . . , Ý x z , . . . . Since ii holds in A fori jn 

Ž Ž .. Ž .x 1P and since the 
-span of 1P is P A , we see that ii	 	 
 	
Ž . Ž . Ž .holds for A . Thus, JP1  JP3 hold for P , P , as desired.
 1 	1 

5. DIVIDED POWER REPRESENTATIONS OF
JORDAN PAIRS
We shall now introduce another notion of divided powers, not involving
a co-product, although we shall eventually see a connection between the
Ž .concepts. Let V be a -module and A a unital associative algebra over
Ž .. We say that a sequence   ,  ,  , . . . of maps  : V A is a0 1 2 n
Ž . Ž .sequence of binomial diided power b.d.p. maps provided    1 and0
Ž . Ž . is a homogeneous map of degree n whose i, j -linearization is u,  n
Ž . Ž . Ž . u   see the Appendix . We shall sometimes suppress the mentioni j
of , and write simply   Žn. for a sequence of b.d.p. maps.
LEMMA 6. If  is a sequence of maps  :   Žn. with  Ž0. 1, then n
is a sequence of b.d. p. maps if and only if for u,   V
Ž . Ž .Žn. n Žn.i     ,
Ž . Ž .Žn. Žk . Ž l .ii   u Ý  u ,k ln
Ž .  Žk . Ž l .iii  , u  0,
Žk . Ž l . k l Žkl .Ž . Ž .iv     .k
Ž . Ž . Ž . Ž .Proof. Conditions A1 , A2 , A5 , and A4 of the Appendix reduce to
Ž . Ž . Ž . Ž .i  iv . A6 is trivial, while A3 follows by induction.
COROLLARY 7. If  is a sequence of maps  :   Žn. with  Ž0. 1,n
then  is a sequence of b.d. p. maps if and only if for each extension 
 of ,
there is an extension  : V  A satisfyingn 
 

Ž . Ž .Žn. n Žn.i     ,
Ž . Ž .Žn. Žk . Ž l .ii   u Ý  u ,k ln
for all   V .
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  lProof. Using 
 t , and comparing coefficients of t in
Ž .nl Žk . Ž l .t  u    tuŽ .Ý
kln
Ž .n tuŽ .
 t luŽ l . Žk . ,Ý
kln
Ž . Ž .gives iii . Similarly, iv follows from
n Ž .nŽn.1 t     tŽ . Ž .
 t l Žk . Ž l . .Ý
kln
The name ‘‘divided power’’ is explained by the following lemma.
LEMMA 8. If  :   Žn. is a sequence of b.d. p. maps from V to A,n
then  is a linear map and1
kŽk . Ž1.k!    .Ž .
Conersely, if    and  : V A is a linear map such that
 Ž . Ž . V ,  V  0, then
1 nŽn.   Ž .Ž .
n!
defines a sequence of b.d. p. maps.
Proof. Since  is homogeneous of degree 1, it is linear. By Lemma1
Ž . Žk . Ž1. Ž . Žk1. Žk . Ž Ž1..k6 iv ,    k 1  , so k!   follows by induction. For
the converse, in any extension A , we can use the binomial theorem to

write
n k ln
    u     u ,Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ý ž /k
kln
so
Ž .n Žk . Ž l .  u   u ,Ž . Ý
kln
as desired.
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Žk . The kernel of a sequence of b.d.p. maps  :   is ker   k
Žk . 4 Ž .V :   0 for all k 0 see the Appendx . We say that a sequence of
b.d.p. maps  :   Žk . is nilpotent of index n if for all k n,  and allk k
of its linearizations are 0.
LEMMA 9. Let  be a sequence of maps  :   Žk . and let m 2 ork
3. Assume that  Ž0. 1 and  Žk . 0 for   V and km. The sequence 
is a sequence of b.d. p. maps nilpotent of index m if and only if for
 , u, w V ,
Ž .i for m 2,
 is linear and  Ž1.uŽ1. 0, 8Ž .1
Ž .ii for m 3.
 is linear and  is quadratic,1 2
Ž .2 Ž2. Ž1. Ž1. Ž2.  u   u  u , 9Ž . Ž .
 Ž2.uŽ1. uŽ1. Ž2. Ž2.uŽ2. Ž1.uŽ1.w Ž1. 0.
Ž2. Ž . Ž .Proof. We first note that if   0 for   V , then ii reduces to i .
Thus, it suffices to consider just the case m 3. If  is a sequence of
b.d.p. maps nilpotent of index 3, then linearizations of  Ž3. 0 and
Ž4. Ž . Ž . Ž .  0 show that 9 holds. Conversely, 9 shows that Lemma 6 i holds.
Ž .Both sides of Lemma 6 ii are 0 if n 4, for then either k 2 or l 2.
Ž .Also, the cases n 0, 1 are trivial. Thus, Lemma 6 ii reduces to
Ž .2 Ž2. Ž1. Ž1. Ž2.  u   u  u ,Ž .
Ž .3 Ž2. Ž1. Ž1. Ž2.  u  0 u  u ,Ž .
Ž .4 Ž2. Ž2.  u  0 u ,Ž .
Ž . Žk . Ž l . Ž .which hold by 9 . We have  u  0 for k l 3, so Lemma 6 iii and
Ž .iv reduce to
 Ž1.uŽ1. uŽ1. Ž1. ,
 Ž1. Ž1. 2 Ž2. ,
Ž .which are easy consequences of 9 . Thus, by Lemma 6,  is a sequence of
b.d.p. maps. It is easy to see that all linearizations of  are 0 for k 3, sok
 is nilpotent of index 3.
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Suppose that  :   Žk . is a nilpotent sequence of b.d.p. maps. Wek
can form

Žk .exp   Ž . Ý
k0
as an element of A. More generally, for any sequence of b.d.p. maps
 :   Žk ., we can formk

Žk . kexp t   tŽ . Ý
k0
 as an element of the formal power series algebra A t . Since

Ž .k kexp t  tu    u tŽ . Ž .Ý
k0

Ž i. Ž j. k  u tÝ Ý
k0 ijk
 exp t exp tu ,Ž . Ž . 
Ž .we see that  exp t is a group homomorphism from V to the group
 of units of A t with kernel ker . Similarly, if  is nilpotent, then
Ž . exp  is a group homomorphism from V to the group of units of A.
LEMMA 10. If  :   Žn. is a sequence of b.d. p. maps from V to A,n
Žn. Ž .then  :  ad is a sequence of b.d. p. maps from V to End A , wherenˆ  
Ž .lŽn. Žk .ad a   a 	 .Ž . Ž .Ý
kln
Also,
adŽn. ab  adŽk . a adŽ l . b .Ž . Ž . Ž .Ý  
kln
Ž0. Ž . Ž .Proof. It is easy to see that ad  Id and that Lemma 6 i , iii hold for
 . Now,nˆ
Ž . Ž .k lŽn.ad a    u a 	u	Ž . Ž . Ž .Ýu
kln
Ž . Ž .r sŽ p. Žq.  u a 	u 	Ž . Ž .Ý
pqrsn
 adŽ i. adŽ j. aŽ .Ž .Ý  u
ijn
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Ž .  so Lemma 6 ii holds. Passing to A with 
 t and replacing u by t ,

Ž .we also get Lemma 6 iv , so  is a sequence of b.d.p. maps. We nextˆ
compute
Ž .qŽk . Ž l . Ž p. Ž r . Ž s.ad a ad b   a 	  bŽ . Ž . Ž .Ý Ý 
pqrsnkln
  Ž p.ab Ž s.Ý
psn
 adŽn. ab ,Ž .
since
Ž . Ž .q tŽ r .	   	 Ž . Ž .Ý
qrt
1 if t 0Ž t . 0  ½ 0 if t 0.
Ž  	. ŽLet V V , V be a Jordan pair. A diided power representation d.p.
. Ž  	.representation of V is a pair   ,  of sequences of b.d.p. maps
 	:   Žn. from V 	 to A such that for all extensions 
 of  and forn
all x V 	, y V 		,
 

0 for k 2 l ,
Žk . Ž l .ad y  10Ž .Ž .Ž . lx ½ Q y for k 2 l.Ž .Ž .x
Ž .Clearly, this is equivalent to having 10 and all linearizations hold in V .
Let  be a d.p. representation of the Jordan pair V in A. We set
Ž  	.ker  ker  , ker  and observe that ker  is an ideal of V . Indeed,
for l 0,
Ž . Ž .l jŽ i. Ž l .Q y  x y 	xŽ . Ž .Ž . Ýx
ij2 l
 0
	 		 Ž . Ž .if either x ker  or y ker  . Also, the l, l -linearization of 10
gives
Ž . Ž . Ž .m m nŽ l . Ž l . Ž l .  4ad ad y  Q y Q y xyzŽ . Ž .Ž . Ž .Ž . Ýx z x z
2mnl
 4Ž l . 	which reduces to 0 xyz if x ker  . We say that the d.p. represen-
Ž .  	tation  is faithful if ker  0, 0 . Also, if both  and  are nilpotent
of index n, we say that  has index n.
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EXAMPLE 1. The maps
1 if n 0	 : n ½ 0 if n 1
from V 	 to  form a d.p. representation of index 1 called the triial
representation.
EXAMPLE 2. If  	: V 	 A are nilpotent sequences of b.d.p. maps ofn
Ž  	.index 2, then   ,  form a d.p. representation of index 2 if and
only if
Ž .1 Ž1. Ž1. Ž1.Q y 	x y x . 11Ž . Ž .Ž .x
Indeed,
adŽ2. y Ž1.  x Ž2. y Ž1.	 x Ž1. y Ž1. x Ž1. y Ž1. x Ž1.Ž .x
	x Ž1. y Ž1. x Ž1. ,
Žk .Ž Ž1..while ad y  0 if l 2 or k 3, and these hold for all extensions 
x
of .
 Recall 6 that V is a special Jordan pair if it is isomorphic to a Jordan
Ž  	.subpair of an associative pair S S , S where S is viewed as a
Ž . Ž  .Jordan pair with Q y  xyx. The standard imbedding see 6 imbeds Sx
	 	 Ž  	.in an associative algebra A with S S  0. If   ,  is an isomor-
	 	 Ž .phism of V with a Jordan subpair of S , then   	 satisfy 8 and1
Ž .11 and thereby give rise to a d.p. representation of index 2. On the other
hand, if  is any faithful d.p. representation of index 2, we can view
Ž . Ž  	.S A, A as an associative pair and see that   ,	 is an
isomorphism of V with a Jordan subpair of S ; i.e. V is special.
EXAMLE 3. If  	: V 	 A are nilpotent sequences of b.d.p. maps ofn
Ž  	.index 3, then   ,  form a d.p. representation of index 3 if and
only if
Ž .1 Ž2. Ž1. Ž1. Ž1. Ž1. Ž1. Ž2.Q y  x y 	 x y x  y x , 12Ž . Ž .Ž .x
Ž .2 Ž2. Ž2. Ž2.Q y  x y x , 13Ž . Ž .Ž .x
0	x Ž2. y Ž1. x Ž1. x Ž1. y Ž1. x Ž2. , 14Ž .
0 x Ž2. y Ž1. x Ž2. , 15Ž .
Žk .Ž Ž l ..and all linearizations hold. Indeed, these are the conditions on ad yx
Ž . Ž . Ž . Ž . Ž . Žk .Ž Ž l ..for k, l  2, 1 , 4, 2 , 3, 1 , and 4, 1 , while ad y  0 and itsx
linearizations hold for l 3 or k 5.
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Ž .Now consider the TitsKantorKoecher Lie algebra TKK V , D with0
Ž . Ž Ž .. Ž1.D  Inder V and let A End TKK D, D . We set x 0  0
ad x A for x V 	, and using the decomposition
TKK V , D  V D  V 	Ž .0 0
define
0 0 00 0 Qx
Ž2. Ž2. 0 0 0x  , y 0 0 0	 0 	 0Q 0 0y0 0 0
for x V , y V 	. Letting x Ž0. Id and x Žn. 0 for n 3, x V 	,
Ž . Ž .   we can easily check that 9 holds. Indeed, ad x ad z y 	 zy x 
 4 Ž . 	 		 	 Žn.zyx Q y , for x, z V , y V . Thus,  : x x is a se-x, z n
Ž . Ž .quence of b.d.p. maps by Lemma 9. We next check 12  15 . Both sides of
Ž . 	 Ž . Ž .12 are trivial on V . On D D , D , 12 becomes 	
   Q y , D Q y , D 	 x y x , D ;Ž . Ž .x x
i.e.,
	D Q y 	Q D y 	 D x , y , x , 4Ž . Ž . Ž .Ž . Ž .	 x x 		 	
Ž . 		 Ž .which is the definition of a derivation 1 . On w V , 12 becomes
 Q y , w 	 x y x , w  y , Q wŽ . Ž .x x
which is the linearization of
Q y , y  x , Q x ;Ž . Ž .x y
i.e.,
	 Q y , y 	 x , Q x ,Ž . Ž .Ž . Ž .x y
Ž . 	 Ž . 		 Ž .which is JP2 . On D  V , 13 is 0, while on A , it becomes JP3 . On0
	 Ž . 		D  V , 14 is 0, while on w V , it becomes0
 0	Q y , x , w  x y , Q w ;Ž .x x
i.e.,
 40Q yxw 	 x , y , Q w , 4Ž .x x
Ž . Ž . Ž .which is JP1 . Finally, 15 is 0 on all of TKK V , D . Since all lineariza-0
Ž . Ž . Ž  	.tions of 12  15 also hold, we see that   ,  is a d.p. representa-
tion of index 3. We call this the TKK representation of V . Note that since
Ž .Ž . 	ad x  		 x,  is injective and the TKK representation is faithful.1
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The following lemma is easily verified, and we omit its proof.
LEMMA 11. If  is a d. p. representation of the Jordan pair V in A, if
 : V  V is a homomorphism of Jordan pairs, and if  : A A is a
Ž .	 	homomorphism of associatie algebras, then  defined by      n n 	
is a d. p. representation of V  in A.
LEMMA 12. If  is a d. p. representation of the Jordan pair V in A and 
is a d. p. representation of V in B, then
	 	 	  : x  x   xŽ . Ž . Ž .Ýn k l
kln
defines a d. p. representation in AB.
	 Ž . Žn. 	 Ž . Žn. Ž .	 Ž . ²n:Proof. We write  x  x ,  x  x , and   x  x ,n n n
so
x²n: x Žk . x Ž l . .Ý
kln
We shall use Corollary 7 to show x x²n: is a sequence of b.d.p. maps.
²0: Ž .² x: n ²n:Clearly, x  1 1. Also, for any extension 
,  x   x and
² : Ž . Ž .n k lx z  x z  x zŽ . Ž . Ž .Ý
kln
 x Ž p.z Žq. x Ž r .z Ž s.Ý
pqrsn
 x Ž p. x Ž r . z Žq. z Ž s.Ý Ý Ýž / ž /
ijn pri qsj
 x² i:z² j: .Ý
ijn
Next we compute
² :j²n: ² i:ad a b  x a b 	xŽ . Ž . Ž .Ýx
ijn
Ž . Ž .r sŽ p. Žq. x a 	x  x b 	xŽ . Ž .Ý
pqrsn
 adŽk . a  adŽ l . b .Ž . Ž .Ý x x
kln
Thus,
ad²n: y²m: adŽk . y Ž p. adŽ l . y Žq. .Ýx x x
kln
pqm
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If n 2m, then either k 2 p or l 2 q so ad²n: y²m: 0. If n 2m,x
then k 2 p or l 2 q, so
ad²2 m: y²m: adŽ2 p. y Ž p. adŽ2 q. y Žq.Ýx x x
pqm
Ž . Ž .p q Q y  Q yŽ . Ž .Ž . Ž .Ý x x
pqm
² :m Q y .Ž .Ž .x
Since these hold for any extension 
,   is a d.p. representation.
LEMMA 13. If  is a d. p. representation of the Jordan pair V in A, then
	 	 Ž . op    	Id defines a d. p. representation in the opposite algebra A .n n
Ž . 	Proof. By Lemma 33 iii ,  is a sequence of homogeneous polynomial
Ž . 	maps. Moreover, the i, j -linearization of  isn
x , z   	 	x  	 	zŽ . Ž . Ž .i j
  	 	z  	 	xŽ . Ž .j i
  	 x   	 z ,Ž . Ž .i j
where  denotes the product in A op. Thus,  	 is a sequence of b.d.p.
maps. Moreover,
Ž . Ž .k l	 x a  	x  a  xŽ . Ž . Ž . Ž .ˆ Ýn
kln
 adŽn. a .Ž .x
so  is a d.p. representation.
LEMMA 14. If  is a d. p. representation of a Jordan pair V in A, then ˆ
	 Ž . Žn. Ž .with  x  ad is a d. p. representation of V in End A .nˆ x
op Ž .Proof. Let m be the homomorphism m: A A  End A given by
Ž . Ž . Ž .m a b  l r where l b  ab r a , and let  be as in Lemma 13.a b a b
Since
	 Ž .lŽk .m   x a  x a 	xŽ . Ž . Ž . Ž .Ž .Ž . Ýn
kln
 adŽn. a ,Ž .x
the result follows from Lemmas 13, 12, and 11.
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For a Jordan pair V , let B be the associative algebra with 1 generated
by symbols x Žn. for x V 	, 	 subject to the relations
x Ž0. 1
Ž .n n Žn. x   x ,Ž .
Ž .n Žk . Ž l .x z  x z ,Ž . Ý
kln
 Žk . Ž l . x , z  0,
k lŽk . Ž l . Žkl .x x  x ,ž /k
for x, z V 	. Hence, x x Žn. is a sequence of b.d.p. maps. We now let
Ž .U V be B with the further relations
0 for k 2 l ,
Žk . Ž l .ad y  Ž .Ž . lx ½ Q y for k 2 lŽ .Ž .x
	 		 	 Ž .for x V , y V , and their linearizations. Thus,  defined by  xn
 x Žn. is a d.p. representation. Moreover, since any d.p. representation 
Ž .of V in A satisfies the defining relations of U V , there is a unique
Ž . 	 	associative algebra homomorphism  : U V  A such that    .n n
Therefore, we call  the uniersal representation of V .
Ž . 	THEOREM 15. U V is a -graded cocommutatie Hopf algebra and 1
is injectie.
Ž .Proof. For simplicity of notation, we set UU V . Let  be the TKK
representation and let
 : U End TKK V , DŽ .Ž .
be the homomorphism satisfying  	  	. Since  	 is injective, so isn n 1
 	. We have the maps : UUU and : U given by the1
product and unit in U. By Lemma 12,   is a d.p. representation of V
Ž .	in UU, so there is a homomorphism : UUU with   n
 	; i.e.,n
 x Žn.  x Žk . x Ž l . .Ž . Ý
kln
	 Ž . opAlso, by Lemma 13,   	Id gives a d.p. representation of V in U , son
op 	 Ž . 	there is a homomorphism S: UU with   	Id  S ; i.e.,n n
Ž .nŽn.S x  	x .Ž . Ž .
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Finally, as in Example 1, we have the trivial representation  of V in ,
so there is a homomorphism  : U with  	  	; i.e.,n n
1 if n 0Žn. x Ž . ½ 0 if n 1.
We now show that with these maps, U is a cocommutative Hopf algebra.
Since
 Id  x Žn.  x Ž i. x Ž j. x Ž l .Ž . Ž .Ž . Ý
ijln
 Id   x Žn. ,Ž . Ž .Ž .
since U is generated by the x Žn., and since  is a homomorphism, we see
that  is coassociative. Since
 Id  x Žn.   x Žk .  x Ž l .Ž . Ž . Ž .Ž . Ý
kln
 Id x Žn.Ž .
 Id   x Žn. ,Ž . Ž .Ž .
since U is generated by the x Žn., and since  and  are homomorphisms,
we see  is a counit. Again let m be the homomorphism m: A A op
Ž . Ž . Ž .End A given by m a b  l r , so Am Id S  is a homomor-a b
Ž .phism A End A with
Ž .lŽn. Žk .A x a  x a 	xŽ . Ž . Ž .Ý
kln
 adŽn. a .Ž .x
Ž Žn..Ž . Žn.Ž . Ž Žn.. Ž .Ž . Ž . Ž .Ž .Note A x 1  ad 1   x 1. If A a 1   a 1 and A b 1 x
Ž . b 1, then
A ab 1  A a A b 1   ab 1.Ž . Ž . Ž . Ž . Ž . Ž .
Since U is generated by the x Žn., we see that
A a 1   a 1  aŽ . Ž . Ž . Ž . Ž .
Ž . Ž .Ž .for all aU. Since  u m u 1 , we have
 Id S   ,Ž .
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and similarly
 S Id   .Ž .
Thus, S is an antipode. Since
 x Žn.  x Žk . x Ž l .Ž . Ý
kln
 x Ž l . x Žk .Ý
kln
   x Žn. ,Ž . Ž .
 is cocommutative. Thus, U is a cocommutative Hopf algebra.
If A is the free associative algebra with 1 generated by the x Žn.,
x V 	, 	, then A has a -grading AÝ A with x Žn. A . Wek 	 n
Žn.Ž . Ž2 l .Ž Ž l ..see that if a A , then ad a  A . In particular, ad y  Ak x 	 nk x 	 l
for y V 		. We see that the defining relations for U are homogeneous,
so U is -graded as an associative algebra. It is easy to check that ,  ,
and S are graded homomorphisms, and so U is a -graded Hopf algebra.
6. THE EXPONENTIAL PROPERTY
Let V be a Jordan pair and let  be a divided power representation of
V in A. For x V , y V 	, we recursively define
x  x , y  y ,1 1
16Ž .
x Q y , y Q x .Ž . Ž .n x n	1 n y n	1
 In the Jordan pair of formal power series V s, t , we can form

i i	1u u x , y  s t x ,Ž . Ý i
i1

i	1 i  x , y  s t y .Ž . Ý i
i1
Using Theorem 35, we can extend the map  	 to a homogeneous mapn
	 	     : V s, t  A s, t of degree n. Also, density arguments as in then˜
proof of Theorem 35 show that this is a divided power representation.
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  Ž . Ž . Ž .Recall that in A s, t , we can also form exp sx  exp sx and exp ty
Ž .	 exp ty . Moreover, we can form

Žn.exp u  u ,Ž . Ý
n0

Žn.exp    ,Ž . Ý
n0
because s i t j occurs only finitely often in the expansions of uŽn. and  Žn..
We now set
h x , y  exp  exp 	sx exp 	ty exp uŽ . Ž . Ž . Ž . Ž .

p q h x , y s t . 17Ž . Ž .Ý p q
p , q0
Note that simultaneously replacing x by 	x and y by 	y replaces x byn
	x and y by 	y . Hence,n n n
h 	x ,	y  exp 	 exp sx exp ty exp 	uŽ . Ž . Ž . Ž . Ž .
so
exp sx exp ty  exp  h 	x ,	y exp u . 18Ž . Ž . Ž . Ž . Ž . Ž .
Ž .From 17 we get
Ž . Ž .k lŽ l . Žk .j ih x , y  y 	x 	y x , 19Ž . Ž . Ž . Ž .Ý Ł Łp q j iž /ž /
j i
where the sum is over all solutions to
p j	 1 l  k ik ,Ž .Ý Ýj i
j i
20Ž .
q jl  l i	 1 k .Ž .Ý Ýj i
j i
In particular,
pq
h 	x ,	y  	1 h x , y .Ž . Ž . Ž .p q p q
Ž .From 18 we get
k lŽ p. Žq. Ž l . Žk .j ix y  y 	1 h x , y x , 21Ž . Ž . Ž .Ý Ł Łj k l iž /ž /
j i
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Ž .where the sum is again over all solutions to 20 . We shall be investigating
the exponential property for the representation  :
h x , y  0 for all p q and all x V , y V 	. EŽ . Ž .p q
We shall also be interested in the restricted exponential property:
h x , y  0 for all p q with min p , q N , EŽ . Ž . Ž .p q N
and all x V , y V 	.
LEMMA 16. The TKK representation satisfies the exponential property.
Ž .Proof. Since B has constant term Id, it is invertible, so sx, ty iss x, t y
quasi-invertible. Also,
D x D Q y Q D yŽ .x , y n x , y x n	1 x y , x n	1
so by induction
D x  2 x , D y  2 y .Ž . Ž .x , y n n1 y , x n n1
Thus,
B u  u	 stD u  s2 t 2 Q Q uŽ . Ž . Ž .s x , t y x , y x y
  
i i	1 i1 i i2 i1 s t x 	 2 s t x  s t xÝ Ý Ýi i1 i2
i1 i1 i1
 sx 	 s2 tx1 2
 sx	Q ty .Ž .s x
Ž . t y Ž . s x Ž .Thus, u sx and similarly   ty . By Theorem 3 and 18 , we have
˜ ˜Ž . Ž  h 	x,	y   . Since  preserves the grading of TKK V s, t ,s x, t y s x, t y
 . Ž .D s, t , we see h 	x,	y  0 for p q.0 p q
Ž .LEMMA 17. E holds for any d. p. representation  of V in A.0
Ž .  	Moreoer, h x, y  1 for all x V , y V .00
Ž .Proof. If p 0 in 20 , then k k  l  0 for all i 0 and all j 1.i j
Ž .Thus, 19 becomes
Ž .lŽ l . Žq.1h x , y  y 	y  0 .Ž . Ž .Ý0 q
l lq1
Ž . Ž . Ž .Thus, h x, y  1 and h x, y  0 for q 0. Similarly, h x, y  000 0 q p0
for p 0.
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Let X denote the subalgebra of A generated by all x Žn. with x V .
Similarly, let Y be generated by all y Žn. with y V 	 and let H be
Ž .  	 Ž .generated by all h x, y with x V , y V . Also, let X , Y be thenn
subalgebra generated by X and Y .
Ž .LEMMA 18. If E holds for the uniersal representation  of V inN
Ž .U V , then
h  h x , y , for 0 kN 1, x V , y V 	Ž .k k k
Ž .is a finite diided power sequence. Also, h x, y is primitie for i j andi j
Ž . Ž . Ž .min i, j N 1. If E holds for  , then H is a Hopf subalgebra of U V .
Ž Žn.. Ž Ž ..Proof. Since  x  0 for n 0, we see that  exp sx  1. Also,
since x Žn. is a d.p. sequence,

i Ž i. j Ž j. exp sx  s x  s xŽ .Ž . Ý Ý
n0 ijn
 exp sx  exp sx ,Ž . Ž .
Ž . Ž .and we see that exp sx is group-like. Similarly, the other factors in 17
Ž . i jare group-like, so h x, y is group-like. Comparing the s t coefficients of
 h x , y  h x , y  h x , yŽ . Ž . Ž .Ž .
gives
 h x , y  h x , y  h x , y . 22Ž . Ž . Ž . Ž .Ž . Ýi j p r qs
pqi
rsj
For i j kN 1, then p r implies that either pN or rN, so
Ž .h x, y  0. Thus,pr
 h x , y  h x , y  h x , y .Ž . Ž . Ž .Ž . Ýk k p p qq
pqk
Ž .If i j and min i, j N 1, then by symmetry, we can assume i
Ž .N 1. In 22 , if p 0, i, then p, qN. Moreover, p q r s
Ž . Ž .implies either p r or q s. Thus, h x, y  h x, y  0 for p 0, i.pr qs
Ž . Ž . Ž .Also, h x, y  0 for l 0 and h x, y  1, by Lemma 17. Thus, 220 l 00
becomes
 h x , y  1 h x , y  h x , y  1.Ž . Ž . Ž .Ž .i j i j i j
Ž . Ž .If E holds, then h , k 0, is a divided power sequence, so  h k k
Ž .H H. Since the h ’s generate H, we have  H  H H.k
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For a monomial mŁ uŽni. with u  V 	 i, 	 , we define thei i i i
	-degree of m by
deg m  n .Ž . Ý	 i
 4i : 		i
We also define the leel of m by
 m  n n ,Ž . Ý i j
Ž .i , j L
where
L i , j : i j, 	 , 	 	 .Ž . 4i j
We observe that
 m m   m   m  deg m deg m .Ž . Ž . Ž . Ž . Ž .1 2 1 2  1 	 2
Ž  . Ž . Ž  . Ž .Thus, if deg m  deg m , 	, and  m   m , then	 2 	 2 2 2
 m m m   m m m . 23Ž . Ž . Ž .1 2 3 1 2 3
Ž . Ž .We let M n be the span of all monomials m with deg m  r,r s 
Ž . Ž .deg m  s, and  m  n.	
LEMMA 19. If  is a d. p. representation of V in A, then for x V ,
y V 	,
pq Ž p. Žq.h x , y  	1 x y mod M pq	 1 .Ž . Ž . Ž .p q p q
Proof. For the monomial
Ž . Ž .k lŽ l . Žk .j im y 	x 	y xŽ . Ž .Ł Łj iž /ž /
j i
Ž . Ž . Ž .appearing in 19 , we have deg m  kÝ k  p, deg m  lÝ l i i 	 j j
Ž . Ž . q, and  m  kl pq. Moreover,  m  pq unless k  l  0 for alli j
i, j.
LEMMA 20. If  is a d. p. representation of V in A, then for x, z V ,
	 Ž .y, w V , the following elements are in M pq	 1 :p q
Ž . Ž p. Žq.i x y if p 2 q or q 2 p,
Ž . Ž p1. Ž p2 . Žq.ii x z y if p  p  p 2 q,1 2
Ž . Ž p. Žq1. Žq2 .iii x y w if q  q  q 2 p.1 2
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Ž . Ž . Ž .Proof. Note that i is just the special case of ii and iii with
Ž Ž ..Žq.p  q  0. Any linearization of Q y in the variable x lies in X and2 2 x
Ž . Ž . Ž .hence in M 0 . Thus, the p , p -linearization of 10 gives2 q, q 1 2
Ž .lŽ p . Ž p . Žq. Ž i. Žk . Žq. Ž j.1 2ad ad y  x z y 	z x  M pq	 1 .Ž . Ž .Ýx z p q
ijp1
klp2
Moreover,
Ž .lŽ i. Žk . Žq. Ž j. x z y 	z x  i k q pqŽ . Ž .Ž .
Ž . Ž .unless i p , k p . This shows ii and the proof of iii is similar.1 2
We shall need the following result on binomial coefficients which we
include for completeness.
nŽ . 4LEMMA 21. If d gcd : 1 i n , theni
p if n pe , p a prime
d ½ 1 otherwise.
nŽ .Proof. Clearly, d  n . If d 1, let p be a prime dividing d and1
e  write n p m with pm. In  t , we havep
me enn p p1 t  1 t  1 t  1mt  Ž . Ž .
so p m if m 1, a contradiction. Thus, n pe and d p f for some
1 f e. If f 1, then
n n 21 a  1 a mod pŽ .
n 2 n 2so a  a mod p by induction. However, p  0 mod p , so f 1.
Ž .LEMMA 22. If E holds for the d. p. representation  of V in A, and ifN
Ž .  	p q, min p, q N 1, x V , y V , then
x Ž p. y Žq. M pq	 1 .Ž .p q
Ž . Ž .Proof. By Lemma 20 we can assume that max p, q  2 min p, q . If
Ž . Ž . Ž .min p, q N, we apply E to 21 to getN
x Ž p. y Žq. y Ž l j. h x , y x Žk i. 24Ž . Ž .Ý Ł Łj k k iž /ž /
j i
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with
p j	 1 l  k ik ,Ž .Ý Ýj i
j i
q jl  k i	 1 k .Ž .Ý Ýj i
j i
Since
h x , y  M k 2Ž . Ž .k k k k
2 Ž Ž ..2by Lemma 19, and since k  min p, q  pq, we have finished this
Ž .case. We can now assume that min p, q N 1, say N 1 q p
Ž . Ž .2 q. If 1 l q, then min p, l N, so 23 shows that
q Ž p. Žq. Ž p. Ž l . Žq	l .x y  x y y  M pq	 1 .Ž .p qž /l
Ž .Similarly, if 1 k p, then min k, p	 k N so
p Ž p. Žq. Ž p	k . Žk . Žq.x y  x x y  M pq	 1 .Ž .p qž /k
We note that q p 2 q implies that p and q cannot be powers of the
same prime. Thus, using Lemma 21, we get
x Ž p. y Žq. M pq	 1 .Ž .p q
The case N 1 p q 2 p is similar.
LEMMA 23. If the d. p. representation  of V in A satisfies the exponen-
Ž .tial property E , then
² :X , Y YHX .
Ž .If  satisfies the restricted exponential property E , thenN
h x , y YHXŽ .r s
Ž .  	for min r, s N 1, x V , y V .
Ž .Proof. We first shall show by induction on n that if E holds andN
Ž .min r, s N 1, then
M n YHX . 25Ž . Ž .r s
Ž . Ž .Clearly, M 0 YX . Let m be a monomial with deg m  r,r s 
Ž . Ž . Ž . deg m  s, and  m  n, but m M n	 1 . Let x, z V and	 r s
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y, w V 	. If m factors as m x Ž p. y Žq.m , with p, q 0, then Lemma 221 3
Ž . Ž p1. Ž p2 . Žq.and 23 imply p q. Moreover, m cannot factor as m x z y m ,1 3
with p , p , q 0, for then p  q p , contradicting Lemma 20. Simi-1 2 1 2
larly, m cannot factor as m x Ž p. y Žq1.w Žq2 .m , with p, q , q  0. Thus, we1 3 1 2
have
mm  Ž pi.uŽ pi. mŁ1 i i 3ž /
i
 	 Ž .with   V , u  V , m Y , and m  X . By Lemma 19 and 23 , wei i 1 3
see
mm h  , u m mod M rs	 1 ,Ž . Ž .Ł1 p p i i 3 r sž /i i
i
Ž . Ž .so mYHX by the induction hypothesis. This shows 25 . If E holds,
Ž . ² : ² :then 25 implies X , Y YHX , since we always have YHX X , Y .
Ž . Ž .Also, if E holds then Lemma 19 and 25 giveN
h x , y  M rs YHX .Ž . Ž .r s r s
We now assume that V  are free modules over  with ordered bases
 4  4  : i I and u : j J , respectively. Let k be a map k: I ni j
4 : n 0 with k: i k and k  0 for all but finitely many i. Definei i
m   Žk i. ,Łk i
iI
and make a similar definition of m	 for l: J. For b H, definel
m b m	bm YHX .Ž .k l l k
  4 Ž .We also let  : i I be the dual basis which we extend to TKK V , Di 0
 Ž 	 .   4by setting  V D  0, and similarly for u : j J .i 0 j
LEMMA 24. Let V be a Jordan pair with V  free as modules oer .
Ž .Let  be the uniersal representation of V in U V , let  be the TKK
Ž . Ž Ž ..representation, and let  : U V  End TKK V , D be the homomor- 0
 Ž . 	 Ž .phism with    . The maps  : U V  and  : U V k k i j
defined by
 a   S a  ,Ž . Ž . Ž .Ž .Ž .i i
	 a  u  a Ž . Ž . Ž .Ž .j j
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satisfy
 bx Ž1.   b  x .Ž . Ž . Ž .i i
 YH  0,Ž .i
	 y Ž1.b   b u y ,Ž . Ž .Ž .j j
	 HX  0,Ž .j
for b H, x V , y V 	.
Ž . Ž Ž .. Ž Ž ..Proof. Since h x, y is group-like,  h x, y  1 and S h x, y 
Ž .	1h x, y . Also,
˜ ˜ h x , y    Ž .Ž . 	s x ,	t y s x , t y
and
˜     h x , y  .Ž . Ž .Ž .s x , t y
Hence,
 b    b   S b Ž . Ž . Ž . Ž . Ž .Ž .
Ž .holds for b h x, y and therefore for all b H. We havek k
 bx Ž1.   	x Ž1.  S b Ž . Ž . Ž . Ž .Ž .Ž .i i
 	ad x  b Ž .Ž .Ž .i
  b  x ,Ž . Ž .i
and
 YH   S H  Y Ž . Ž . Ž . Ž .Ž .Ž .i i
 D  V 	  0.Ž .i 0
	The calculations for  are similar.j
Ž .  	 	For k, k: I, define k k by k k  k  k and set k i i i
Ž .Ý k . If k 0, let s s k be minimal in I with k  0, and define k byi i s
k if i sik i ½ k 	 1 if i s.s
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	 	Similarly, we define l l, l , and l. Since
  Žk i.   Žk

i. Žk


i . ,Ž . Ýi i i
 
k k ki i i
we also have
 m  m mŽ . Ýk k  k 
kk k
and
 m b  m b m b
 26Ž . Ž . Ž . Ž .Ž . Ýk l k l t k  l t
kk k
lll
t
if
 b  b b
 .Ž . Ý t t
i
Ž . Ž .We recursively define  : U V U V byp q
Id if p q 0

	     if p 0, q 0Ž .sŽq. 0 q  27Ž .p q
     if p 0.Ž .sŽ p. p q
LEMMA 25. Let V be a Jordan pair with V  free as modules oer 
Ž . 	 	 	 	and let  be the uniersal representation of V in U V . If k  p and
	 	 	 	l  q , then
0 if p , q  k , lŽ . Ž .
 m p q k l ½ Id if p , q  k , l .Ž . Ž .
Ž .Proof. We consider the case p 0. The case p 0 is similar. By 26 ,
we have
  
 m b   m b  m b . 28Ž . Ž . Ž . Ž .Ž . Ž . Ž .Ýp q k l sŽ p. k l t p q k  l t
kk k
lll
t
	 	 	 	 	 	 	 	 	 	Clearly, k k  k implies k  k  p . If k  p , then k 0,
and
 m b   YH  0,Ž . Ž .Ž .sŽ p. k l t sŽ p.
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	 	 	 	 	 	by Lemma 24. Thus, we can assume that k  p 1 p , and we can
apply induction to get
0 if p , q  k , lŽ . Ž .
 m b Ž .Ž . 
p q k  l t ½ b if p , q  k , l .Ž . Ž .t
Ž . Ž . 	 	 	 	Moreover, if p, q  k, l , then l  q implies l q and l 0. Also,
	 	 	 	 	 	 	 	 	 	 	 	 	 	k  p  k  p and p  p 1, so k  1. Thus, k 0 or k: i
  for some e. In the first case, by Lemma 24,ei
 m b   b  0,Ž . Ž .Ž .sŽ p. k l t sŽ p. t
while in the second
 m b   b Ž1.   b   .Ž . Ž . Ž .Ž . Ž .sŽ p. k l t sŽ p. t e t sŽ p. e
Ž . Ž .We see that terms in 28 are 0, unless p k, q l l, and e s p .
Ž Ž ..Moreover, if this holds, then k p k p. Thus,  m b  0, ifp q k l
Ž . Ž .p, q  k, l , while
 m b   b b
Ž . Ž .Ž . Ýp q p q t t
t
  Id  bŽ . Ž .Ž .
 b.
LEMMA 26. Let V be a Jordan pair with V  free as modules oer 
Ž .and let  be the uniersal representation of V in U V . Eery aYHX can
be written uniquely as
a m c , c  H .Ž .Ý k l k l k l
k , l
Ž .Ž1. Ž 	.Ž1.Also, if aYHX is primitie, then a V  H V .
Proof. Clearly,
a m c ,Ž .Ý k l k l
k , l
for some c  H. To show uniqueness, it suffices to show that a 0k l
implies all c  0. To prove both statements, we now let a be primitivek l
Ž . Ž .including a 0 . We also can assume a and each of the terms m ck l k l
Ž .belong to U , in the -grading on U V . If some c  0, choose p, q withd k l
	 	 	 	 	 	c  0 and p maximal. Thus, c  0 implies that k  p . However,p q k l
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Ž .since HU , by 19 , we have0
	 	 	 	 	 	 	 	d k l  p q ,
	 	 	 	 Ž .so l  q , as well. Thus, by Lemma 25, c   a . In particular, a 0p q p q
implies all c  0.k l
Ž Ž ..We now consider the three cases in the definition of  see 27 . Ifp q
Ž .p q 0, then a  a  c  H. For the remaining two cases, we00 00
Ž . Ž .Ž1.shall show that m c  V and use induction on the number ofp q p q
Ž .terms to handle a	m c . If p 0, q 0, then by Lemma 24p q p q
c   aŽ .0 q 0 q
	    a 1 1 aŽ .Ž .sŽq. 0 q
	  a  1Ž . Ž .sŽq. 0 q
0 if q 0
 	½  a if q 0.Ž .sŽq.
Ž .Since c  0, we see that p 0, q 0, implies q 0 and m c p q 0 q 0 q
	 Ž . Ž1. Ž 	.Ž1. a u  V . Similarly, if p 0, thensŽq. sŽq.
c   aŽ .p q p q
    a 1 1 aŽ .Ž .sŽ p. p q
  a  1Ž . Ž .sŽ p. p q
0 if p , q  0, 0Ž . Ž .
 ½  a if p , q  0, 0Ž . Ž . Ž .sŽ p.
 Ž1.  Ž1.Ž . Ž . Ž .so p 0 and m c   a   V .p q p q sŽ p. sŽ p.
THEOREM 27. If  is a diided power representation of a Jordan pair V
² :in A, then  satisfies the exponential property and X , Y YHX .
Ž . Proof. By Lemma 23, it suffices to prove E . We first assume that V
are free modules over  and that   , the universal representation in
Ž . Ž . Ž .U V . We shall show E by induction on N. If E holds, if p q withN N
Ž .  	min p, q N 1, and if x V , y V , then by Lemmas 23 and 18,
Ž . Ž .h x, y is a primitive element of YHX . Thus, by Lemma 26, h x, y p q p q
Ž . Ž Ž . . V since h x, y U U  H . If  is the TKK represen-1 p q p	q 0
Ž . Ž Ž ..tation and  : U V  End TKK V , D with    , then k k
Ž Ž .. h x, y  0 since the TKK representation satisfies the exponentialp q
Ž . Ž .condition Lemma 16 . However,  is injective, so h x, y  0; i.e.,1 p q
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Ž . Ž . Ž .E holds. To prove E for   , we again let  : U V  A withN1
Ž . Ž .   and note that  maps h x, y for  to h x, y for . Tok k p q p q
drop the assumption that V  are free modules over , it suffices to find
Ž . Ž .a Jordan pair homomorphism : V  V with  x  x,  y  y 	
 Ž .	where V  are free modules over . Indeed, by Lemma 11,  n
	 Ž .  defines a d.p. representation of V  in A and h x, y for n 	 p q
Ž . Ž .coincides with h x, y for . Using induction and the definition 16 , it isp q
easy to verify that
Q y  x , Q x  y ,Ž . Ž .x l 2 kl	1 y l 2 kl	1k k
 4  4x y x  2 x , y x y  2 y .k l n kln	1 k l n kln	1
Ž    . Ž . Ž     .Now  T ,  T is a Jordan pair under Q b  aba and  T ,  T a
 is a subpair where  T  denotes the free submodule over  with basis
 2 k	1 4 Ž 2 k	1. Ž 2 k	1.T : k 1 . It is easy to check that  T  x ,  T  y k 	 k
define a homomorphism of Jordan pairs.
COROLLARY 28. If V is a Jordan pair with V  free as modules oer 
Ž .and  is the uniersal representation of V in U V , then
Ž . Ž .1 1 	P U V  V P H  V .Ž . Ž . Ž . Ž .Ž .
 4  4If H is also a free module oer  with basis b : k K , if  : i I is ak i
  4 	basis for V , and if u : j J is a basis for V , thenj
m b   Ž pi. b uŽq j.Ž . Ł Łp q k i k jž / ž /
iI jJ
Ž .is a basis for U V .
Proof. This follows immediately from Lemma 26 and Theorem 27.
7. UNIVERSAL PROPERTIES
The main purpose of this section is to show, in characteristic zero, that
the universal divided power representation of a Jordan pair V is isomor-
Ž .phic with the universal enveloping algebra of a certain Lie algebra L V .
Ž .If  is an inner derivation, L V is just the universal covering of
Ž Ž ..   	4TKK V , Inder V . For Jordan algebras, the constructions of V , V
Ž .and L V and the results of Lemmas 30 and 31 are due to Allison and
 Gao 2 within the context of structurable algebras and Steinberg unitary
 Lie algebras. For Jordan pairs, they are due to Benkart and Smirnov 3
within the context of JordanKantor pairs and Lie algebras of type BC .1
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Because the formulation for Jordan pairs is much simpler, we include the
proofs here for the convenience of the reader.
We shall need the following construction of a Lie algebra.
LEMMA 29. If L is a Lie algebra and  : M L is a homomorphism of
L-modules, then
Ž .  Ž . 4i M  span  x  x : x M is an L-submodule of M contained0
in ker ,
Ž .   Ž .ii if M  0, then M is a Lie algebra under xy   x  y and  is0
a Lie algebra homomorphism with ker  contained in the center of M.
Ž .Proof. For x, y M , set x y  x  y. Since
 x y    x  yŽ . Ž .Ž .
  x ,  y ,Ž . Ž .
Ž . is a homomorphism. Note that  x x  0, so M  ker . If l L ,0
then
l  x y  l   x  yŽ . Ž .Ž .
 l ,  x  y  x  l  yŽ . Ž . Ž .
  l  x  y  x  l  yŽ . Ž . Ž .
 l  x  y x l  yŽ . Ž .
so l acts as a derivation on M. Since x y y x M by linearization,0
Ž . Ž . Ž .we see that l  x x  M , showing i . We also have that ad x given by0
Ž .Ž .  ad x y  x y is a derivation of M. Thus, if M  0, then xy  x y is0
  Ž .a Lie product. Clearly, xy   x  y 0 for x ker .
Let V be a Jordan pair over a commutative associative ring  contain-
1ing . The linear map2
 : V  V 	 Inder VŽ .
with
 x y    D ,	DŽ . Ž .x , y x , y y , x
Ž .is a homomorphism of Inder V -modules. Since
 x y  2 Q y  y	 xQ x ,Ž . Ž . Ž .Ž .x , y x y
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we see that M of Lemma 29 is the -span of all0
Q y  y	 xQ x 29Ž . Ž . Ž .x y
 	  4for x V , y V . We let x, y denote the image of x y in the
Ž .Inder V -module
  	4  	V , V  V  V M ,Ž . 0
  	4 Ž .and continue to use  to denote the induced map V , V  Inder V .
  	4   Ž .By Lemma 29, V , V is a Lie algebra with u,    u   and  is a
  	4Lie homomorphism with ker  contained in the center of V , V . We
now form
   	4 	L V  V  V , V  VŽ .
with multiplication
 	 	 V , V  0,
   u , z 	 z , u   u z ,Ž . Ž .	
     4x , y 	 y , x 	 x , y ,
 	 	   	4 Žfor x V , y V , z V , u V , V . Compare with the defini-
Ž . Ž ..  	   	4tion 2 of TKK V , D . Clearly, L  V , L  V , L  V , V1 	1 0
Ž . Ž . Ž Ž ..give a grading on L V . Also,  : L V  TKK V , Inder V with
 x u y  x  u  y 30Ž . Ž . Ž .
Ž .is a homomorphism. To check the Jacobi identity for L V , it suffices to
  take the elements in the graded components. Moreover, if a bc  L ,1
the Jacobi identity follows from its image under  . Also, if a, b, c L ,0
we know the Jacobi identity holds. We are left with the case a L ,0
b L , c L . We have1 	1
   4a bc 	 a, b , c
 4	 a  b , cŽ .
	  a  b , c 	 b ,  a  c 4  4Ž . Ž .
    ab c  b ac .
Ž . Ž . Ž .We see that L V is a Lie algebra and that ker   ker  is contained
Ž .in the center of L V .
If
L L  L  L1 0 	1
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1is a -grading of a Lie algebra L over  containing , it is well known2
Ž . Ž .and easy to see that L , L is a Jordan pair with1 	1
1
 Q y  x xy .Ž .x 2
Ž .We now show that L V is universal in the following sense.
1LEMMA 30. If V is a Jordan pair oer  containing , if L L 12
Ž .L  L is a -graded Lie algebra, and if  : V L , L is a Jordan0 	1 1 	1
ˆpair homomorphism, then there is a unique Lie algebra homomorphism  :
Ž .L V  L which extends  .
Proof. If u L ,   L , then1 	1
1
 Q  ,   u u Ž .u 2
1 1
      u u 	 u  u
2 2
 u , Q uŽ .
 Ž . Ž .  	so the map x y  x ,  y of V  V to L induces a map 	 0
  	4 : V , V  L . It is easy to see that0 0
ˆ : x u y  x   u   yŽ . Ž . Ž . 0 	
is the desired map.
1LEMMA 31. If V is a Jordan pair oer  containing and if 2
Ž . Ž . Ž Ž ..Inder V , then L V is the uniersal coering of TKK V , Inder V .
Ž . ŽProof. It is clear that L V is a central extension of TKK V ,
˜ ˜Ž .. Ž . Ž .  Inder V . Moreover, if     for  as in 30 , then  , x  	 x for
Ž . Ž Ž ..x L , so L V is perfect and a covering of TKK V , Inder V . Now let	
˜ ˜Ž Ž .. : L TKK V , Inder V be any central extension. Again choose 
˜ 	 ˜Ž . Ž .  with     . For x V , let  u  x and set x 	  , u . We see˜
Ž .   Ž . x  	  , x  x. If also    x, then˜
˜ ˜ ˜ ˜ ,    , u Z L   , u  	 x .Ž . ˜
˜ ˜Ž .  Thus, x is the unique element of L with  x  x and  , x  	 x. If˜ ˜ ˜ ˜
	 ˜ ˜     Ž .   Ž .  z V , then  , x, z  2 x, z , so  x, z  0, x, z  Z L , 2 x, z˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜ ˜
˜   4 0, and x, z  0. Setting L  x : x L , we see that˜ ˜ ˜	 	
˜ ˜ ˜ ˜L  L , L  L  	 	
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˜ Ž .is a -graded subalgebra of L. Now  x  x gives a Jordan pair isomor-˜	
˜ ˜Ž .phism  : V L , L which extends to a Lie algebra homomorphism 	
ˆ ˜ ˜ ˜ ˜ ˆ 	Ž .   : L V  L  L , L  L . Clearly,    on V and hence  	 	
Ž .on L V .
THEOREM 32. If V is a Jordan pair oer a field of characteristic zero,
Ž .then the uniersal diided power representation U V is isomorphic with the
Ž .uniersal eneloping algebra of L V .
Ž .Proof. We identify L V with its image in its universal enveloping
Ž Ž ..algebra U L V . We define
1
	 Žn. n    Ž .n n!
	  	 	  	for   V . Since V , V  0, Lemma 8 shows that  is a sequencen
of binomial divided power maps, and
1 nŽn.ad  ad  .Ž . n!
If x V 	, y V 		, then
1
Ž2.  ad y x xy Q y ,Ž .x x2
adŽk . y 0 for k 3,x
 Ž .since x, Q y  0. Thus, by Lemma 10,x
l1
Žk . Ž l . Žk .iad y  ad yÝ Łx xl! i1
where
l
k k .Ý i
i1
If k 2 l, then some k  2 and adŽk . y Ž l . 0. If k 2 l and all k  2,i x i
then all k  2 andi
1 Ž .l lŽ2 l . Ž l .ad y  Q y  Q y .Ž . Ž .Ž . Ž .x x xl!
Thus,  is a d.p. representation of V , and there is an associative
Ž . Ž Ž .. 	 	homomorphism  : U V U L V with    .n n
On the other hand, by Corollary 28,
Ž . Ž .1 1 	P U V  V P H  VŽ . Ž . Ž . Ž .Ž .
JORDAN PAIRS AND HOPF ALGEBRAS 191
is a -graded Lie algebra, so by Lemma 30 there is a Lie algebra
homomorphism
 : L V P U VŽ . Ž .Ž .ˆ1
Ž  	.extending the Jordan pair homomorphism    ,  . By the proper-1 1 1
ties of the universal enveloping algebra, there is an associative homomor-
Ž Ž .. Ž . 	phism  : U L V U V extending  . On V ,ˆ1
  	  	 Id,1 1
 	   	 ,1 1
 Ž Ž .. Ž .Ž1. Ž .Since V generate U L V and V generate U V ,  and  are
inverse isomorphisms.
APPENDIX: HOMOGENEOUS MAPS
We develop here properties of homogeneous maps and their lineariza-
 tions modeled on the treatment by Jacobson 4 of quadratic maps. For a
 different approach see Loos 5, Appendix .
Let V and W be modules over a unital, commutative associative ring .
If f : VW is constant, we say f is homogeneous of degree 0. For each
n 1, we shall recursively define f : VW to be homogeneous of degree n
Ž .with i, j -linearization f : V VW , where i j n, i, j 1, providedi j
for all , u,  , w V ,
f   n f  , A1Ž . Ž . Ž .
f u  f u  f   f  ,  , A2Ž . Ž . Ž . Ž . Ž .Ý i j
ijn
i , j1
u f u , w is homogeneous of degree l withŽ .lk
i , j -linearization u ,   f u ,  , w , A3Ž . Ž . Ž . Ž .i jk
nf  ,   f  for i j n , i , j 1, A4Ž . Ž . Ž .i j ž /i
f u ,   f  , u for i j n , i , j 1, A5Ž . Ž . Ž .i j ji
f u ,  , w  f u , w ,  for i j k n , i , j, k 1. A6Ž . Ž . Ž .i jk ik j
We also recursively define f where i  i  n, i  1, to be thei  i 1 k l1 k
Ž . Ž . Ž .i , . . . , i -linearization of f provided  ,   f  ,  ,  , . . . ,  is1 k 1 2 i  i 1 2 3 k1 k
Ž . Ž .the i , i -linearization of  f  ,  , . . . ,  .1 2 i i , i  i 3 k1 2 3 k
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We remark that the conditions for f to be homogeneous of degree 1
Ž . Ž . Ž . Ž . Ž .reduce to f    f  and f u  f u  f  ; i.e., f is linear.
Ž . 2 Ž .Also, f is homogeneous of degree 2 if and only if f    f  and
f u ,   f u 	 f u 	 f Ž . Ž . Ž . Ž .11
is bilinear. This is the usual definition of a quadratic map. For n 3, f
does not always uniquely determine its linearizations. Indeed, f : x x 3 is
Ž .homogeneous of degree 3 as a map from  to itself with either f u, 2 12
Ž . Ž . Ž . f u,   u or with f u,   f  , u  0.21 12 21
If f is homogeneous of degree n with linearizations f , we define thei  i1 k
kernel of f and its linearizations to be all   V such that
f   f  ,  , . . . ,   0Ž . Ž .i  i 2 k1 k
for all linearizations f and all   V . We implicitly assume that thei  i i1 k
Ž .linearizations are given and write this as ker f . The proof of the following
lemma is direct, and we omit it.
LEMMA 33. If f : VW is homogeneous of degree n with linearizations
f , theni  i1 k
Ž . Ž .i ker f is a submodule of V ,
Ž . Ž .ii if U ker f is a submodule of V , then
f  U  f  ,Ž . Ž .
f  U , . . . ,  U  f  , . . . , Ž . Ž .i  i 1 k i  i 1 k1 k 1 k
define a homogeneous map f : VUW with linearizations f .i , . . . , i1 k
Ž .iii if g : M V and h: W N are linear maps, then h f g is
Ž . Ž Ž Ž . Ž ...homogeneous with linearizations x , . . . , x  h f g x , . . . , g x .1 k i  i 1 k1 k
We shall now relate the above definition to the notion of polynomial
   maps. Let  	  	 :  I , the polynomial ring over  with inde-
Ž .  terminants 	 , and let  	  	 be a homogeneous polynomial of
degree n; i.e.,  is a linear combination of monomials of total degree n.
Ž .Clearly, replacing 	 by 	 in  	 gives 
 	  n 	 . P1Ž . Ž . Ž .
Ž . Ž .We also can replace 	 by s	  t in  	 to obtain  s	 t   
  s, t, 	 ,  :  I . We have 
 s	 t   	 sn    t n   	 ,  s i t j, P2Ž . Ž . Ž . Ž . Ž .Ý i j
ijn
i , j1
JORDAN PAIRS AND HOPF ALGEBRAS 193
where
      	 ,   	 ,   	  is a homogeneousŽ .i j
polynomial of degree i in 	 and of degree j in  . P3Ž .
Ž .Replacing  by 	 in P2 gives
n
s t  	   s	 t	Ž . Ž . Ž .
  	 sn   	 t n   	 , 	 s i t jŽ . Ž . Ž .Ý i j
ijn
i , j1
so
n
 	 , 	   	 for i j n , i , j 1. P4Ž . Ž . Ž .i j ž /i
Ž .Replacing s, 	 , t,  by t,  , s, 	 in P2 gives
 	 ,     , 	 for i j n , i , j 1, P5Ž . Ž . Ž .i j ji
and similarly we get
 	 ,  ,    	 ,  ,  for i j k n , i , j, k 1. P6Ž . Ž . Ž .i jk ik j
For any -algebra A and any map x: I A, we have the algebra
Ž . Ž .  homomorphism  	   x of  	 to A given by 	  x . In particu- 
 4 Ž .  lar, if V is a free-module with basis  :  I ,  	  	 , and
Ž . Ž . Ž . Ž .uÝ a  , we can define f u   a . From P1  P6 , we see that f I  
Ž . Ž . Ž .is homogeneous of degree n with i, j -linearization f u,    a, bi j i j
for  Ý b  . More generally, if M is the set of all monomials I  
Ž .  m 	  	 which are homogeneous of degree n, if W is any -module,
Ž . Ž .and w: MW is any map, then m a m a, b  0 for all but finitelyi j
many m, and we can form
f u  m a w ,Ž . Ž .Ý m
mM
f u ,   m a, b wŽ . Ž .Ýi j i j m
mM
Ž .and see that f : VW is homogeneous of degree n with i, j -lineariza-
tion f . We shall say f is a homogeneous polynomial map of degree n.i j
THEOREM 34. Let f : VW be homogeneous of degree n with lineariza-
tions f , let M be a free module with g : M V a linear epimorphism,i  i1 k
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Ž .and identify Mker g with V . The map F f g is a homogeneous
Ž .polynomial map of degree n with linearizations F x , . . . , x i  i 1 k1 k
Ž Ž . Ž .. Ž . Ž .f g x , . . . , g x . Moreoer, ker g  ker F , so F f and F i  i 1 k i  i1 k 1 k
f ; i.e., eery homogeneous map on V of degree n and its linearizations arei  i1 k
induced by a homogeneous polynomial map on M of degree n and its
linearizations.
Proof. By Lemma 33, we know that F is homogeneous of degree n
Ž . Ž .with linearizations F . It is also clear that ker g  ker F , so F fi  i1 k
and F  f . Thus, it suffices to show that F is a homogeneousi  i i  i1 k 1 k
polynomial map of degree n with linearizations F . For convenience ofi  i1 k
 4 Ž .notation, we set F  F. Let x :  I be a basis of M. If mm 	 n 
i1 i k Ž .	  	 is a monomial of degree n with distinct  , we set  l1 k
w  F x , . . . , x .Ž .m i , . . . , i  1 k 1 k
Ž . Ž .By A5 and A6 , we see that the definition of w does not depend on them
order of the factors 	 i1 in m. Using the map w: m w , we can define m1
the homogeneous polynomial map F and its linearizations F asi , . . . , i1 k Ž . Ž .above. To show F  F including F F , it suffices by A1 andi  i i  i1 k 1 k
Ž .A2 to show that these agree on all subsets of basis elements. If  , . . . , 1 k
are distinct, then
F x , . . . , x  w  F x , . . . , xŽ . Ž .i , . . . , i   m i  i  1 k 1 k 1 k 1 k
i1 i k Ž .for m 	  	 . On the other hand, if    , then by A3 and  1 21 k
Ž .A4 , we have
i  i1 2F x , . . . , x  F x , x , . . . , xŽ . Ž .i  i   i i , i  i   1 k 1 k 1 2 3 k 1 3 kž /i1
and similarly for F, so we can reduce to the case with distinct  , . . . ,  .1 k
Shortly, we shall prove an extension result for homogeneous maps for
two types of extensions of the modules. First, let 
 be an extension ring of
 and form the 
-module V 
 V . We shall identify V with 1 V

to view V as an extension of V . Second, we can form the formal power

   series ring  s as well as V s , the set of formal power series with
   coefficients from V . We shall view V s as a  s -module, and note
     that V s contains the -module V and  s -module V s consisting of
 polynomials with coefficients from V . We can also identify V s with
V . s 
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THEOREM 35. Let f : VW be homogeneous of degree n with lineariza-
˜ ˜Ž . Ž .tions f and let 
 be an extension ring of . If V , W is either V , Wi  i 
 
1 k
Ž    .or V s , W s , then there is a unique homogeneous map of degree n,
˜ ˜ ˜ ˜f : VW with linearizations f , which extend f and f .i  i i  i1 k 1 k
Proof. Let M be free with g : M V a linear epimorphism. Let
F f g, so F is a polynomial map with linearizations F such thati  i1 k
F f and F  f , as in Theorem 34. It is easily seen that M isi  i i  i 
1 k 1 k
Ž .free, that Id g : M  V is a linear epimorphism and that ker Id g
 

Ž .  
 ker g . We can identify the monomials in  	 with the monomi-
 als in 
 	 and use the map w: m w  1 w W to get am m 

˜polynomial map F: M W with linearizations F extending F and
 
 i  i1 k
F . Sincei  i1 k
ker Id g 
 ker gŽ . Ž .

 ker FŽ .
˜ ker F ,Ž .
˜ ˜we can form f F: V W , homogeneous of degree n with
 

˜ ˜f 1  F 1 x  1 F x  1 f Ž . Ž . Ž . Ž .
˜ ˜Ž .if g x  . Thus, f extends f and similarly f extends f . Since Vi  i i  i 
1 k 1 k
is the 
-span of V , the extensions are unique.
   In Zariski and Samuel 7, Chap. VII , it is shown that  s is a
Ž . 	o Ža	b.complete metric space relative the metric d a, b  2 for a b
Ž . iwhere o a  k for aÝ a s if k is minimal with a  0. Moreover,i k
   addition and multiplication in  s are continuous operations, and  s
   is dense in  s . Similarly, V s is a complete metric space, the module
   operations are continuous, and V s is dense in V s . By the first part of
     this theorem, we have a homogeneous map f : V s W s W s of
  degree n with linearizations f which extend f and f . If   V si  i i  i1 k 1 k
Ž . k Ž . k n Ž . Ž Ž ..with o   k, we can write   s  , so f    s f   and o f   0 0
Ž .   no  . Thus, f  and similarly f are uniformly continuous. Since V s isi  i1 k  dense and W s is complete, f  and f extend to uniformly continuousi  i1 k˜ ˜   maps f : V s W s and f . We have thati  i1 k
˜ n ˜,   f  	  f Ž . Ž . Ž .
     is a continuous map  s  V s W s which vanishes on the dense
˜    Ž .subset  s  V s . Thus, A1 holds for f. Similar density arguments can
˜ ˜ ˜Ž . Ž . Ž . Ž .be used to show A2 and A4  A6 for f , f , and f , while A3 followsi j i, j, k
˜by induction on degree. Thus, f is homogeneous of degree n with
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˜    linearizations f . If g : V s W s is any homogeneous map ofi  i1 k  degree n extending f , then the restriction g  of g to V s is a homoge-
   neous map of degree n extending f and mapping V s into W s . Thus,
˜ ˜g  f . Since g is continuous and agrees with f on a dense subset, g f.
˜Similarly, g  f .i  i i  i1 k 1 k
REFERENCES
1. E. Abe, ‘‘Hopf Algebras,’’ Cambridge Univ. Press, Cambridge, UK, 1977.
2. B. Allison and Y. Gao, Central quotients and coverings of Steinberg unitary Lie algebras,
Ž .Canad. J. Math. 48 1996 , 449482.
3. G. Benkart and O. Smirnov, Lie algebras graded by the root system BC , to appear.1
4. N. Jacobson, ‘‘Lectures on Quadratic Jordan Algebras,’’ Tata Institute of Fundamental
Research, Bombay, 1969.
5. O. Loos, ‘‘Jordan Pairs,’’ Lecture Notes in Math., Vol. 460, Springer-Verlag, BerlinNew
York, 1975.
Ž .6. O. Loos, Elementary groups and stability for Jordan pairs, K-Theory 9 1995 , 77116.
7. O. Zariski and P. Samuel, ‘‘Commutative Algebra,’’ Vol. II, Van Nostrand, Princeton, NJ,
1960.
